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AN ESTIMATE OF FREE ENTROPY AND
APPLICATIONS
MARIUS B. STEFAN
Abstract. We obtain an estimate of free entropy of generators in
a type II1-factorM which has a subfactor N of finite index with a
subalgebra P = P1∨P2 ⊂ N where P1 = R′1∩P , P2 = R′2∩P are
diffuse, R1,R2 ⊂ P are mutually commuting hyperfinite subfac-
tors, and an abelian subalgebra A ⊂ N such that the correspon-
dence PL
2(N , τ)A is M-weakly contained in a subcorrespondence
PHA of PL
2(M, τ)A, generated by v vectors. The (modified) free
entropy dimension of any generating set of M is ≤ 2r + 2v + 4,
where r is the integer part of the index. As a consequence, the in-
terpolated free group subfactors of finite index do not have regular
non-prime subfactors or regular diffuse hyperfinite subalgebras.
1. Introduction
D. Voiculescu defined ([Vo2], [Vo3]) the original concepts of free en-
tropy and of (modified) free entropy dimension for m-tuples of self-
adjoint non-commutative random variables. Very roughly, the free en-
tropy χ((xi)1≤i≤m) is a normalized limit of logarithms of volumes of
sets of matricial microstates (that is, m-tuples of matrices whose non-
commutative moments approximate those of (xi)1≤i≤m), while the mod-
ified free entropy dimension δ0((xi)1≤i≤m) is in some sense an asymp-
totic Minkowski dimension of the sets of matricial microstates. Then
he proved ([Vo3]) that δ0((xi)1≤i≤m) ≤ 1 if the von Neumann algebra
{(xi)1≤i≤m}′′ has a regular diffuse hyperfinite ∗-subalgebra (DHSA).
Since the free group factors have generators with δ0 > 1, this implied
in particular the absence of Cartan subalgebras in the free group fac-
tors, thus answering in the negative the longstanding open question of
whether every separable II1-factor arises from a measurable equivalence
relation.
A. Connes introduced Kazhdan’s property T from groups ([Ka]) to
the von Neumann algebras context in [Co1] where he proved that if Γ is
a countable discrete ICC group with property T, then the fundamental
group of the von Neumann algebra of Γ is countable. This remarkable
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rigidity result produced the first examples (such as L(SL(3,Z))) of II1-
factors with fundamental group strictly smaller than R×+. A. Connes
and V. Jones ([CoJo]) defined then property T for arbitrary von Neu-
mann algebras in terms of correspondences ([Co2], [Co3]) and showed
that the countable discrete ICC group Γ has property T if and only
if L(Γ) has property T. Correspondences play the role of group repre-
sentations and property T can be naturally defined by following this
analogy. Thus, the space of (equivalence classes of) correspondences
can be endowed with a topology through their coefficients and prop-
erty T simply means that the trivial correspondence is isolated from
the correspondences that do not contain it.
The free group factors L(Fn), 2 ≤ n <∞, were the first examples of
prime (i.e., non-isomorphic to tensor products of) type II1-factors with
separable preduals. Their primeness (conjectured by S. Popa in [Po3])
was proved by L. Ge ([Ge2]) via an estimate of free entropy. Also with
free entropy estimates and extending D. Voiculescu’s result about the
absence of Cartan subalgebras, L. Ge ([Ge1]) and K. Dykema ([Dy2])
showed that the free group factors do not have abelian subalgebras of
multiplicity one and of finite multiplicity, respectively.
We consider subcorrespondences PHA of PL2(M, τ)A, where N ⊂
M is an inclusion of type II1-factors with finite Jones index (with inte-
ger part equal to r) and P, A are von Neumann subalgebras of N . We
assume moreover that A is abelian and P = P1∨P2 where P1 = R′1∩P
and P2 = R′2∩P are both diffuse and R1, R2 are mutually commuting
hyperfinite subfactors. Then we prove (Theorem 4.1, using Lemma 3.1)
that if the correspondence PL2(N , τ)A isM-weakly contained in PHA
and if PHA is spanned by v vectors, then the (modified) free entropy
dimension of any generating set ofM is ≤ 2r+2v+4. ForM = L(Ft)
(an interpolated free group factor from [Dy1], [Ra˘]), the free entropy
dimension estimate implies (Theorem 4.2) the absence of regular non-
prime subfactors and of regular hyperfinite diffuse subalgebras (DHSA)
in the subfactors N ⊂ L(Ft) (1 < t ≤ ∞) of finite Jones index. In
particular, the interpolated free group subfactors of finite index are not
crossed products of non-prime subfactors or hyperfinite diffuse subalge-
bras by properly outer actions of countable discrete groups (Corollary
4.2). We mention that the Haagerup approximation property ([Ha]),
primeness, and absence of abelian subalgebras of finite multiplicity (and
thus of Cartan subalgebras) are known to be preserved ([S¸t1], [S¸t2]) to
the interpolated free group subfactors of finite index.
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2. Notations
We shall use M, N , P, A etc. to denote (finite) von Neumann
algebras. In particular, we use M for a type II1-factor and N for a
subfactor ofM. Let P be a finite von Neumann algebra, endowed with
a normal faithful tracial state τ : P → C. For any projection p ∈ P we
denote by Pp = pPp the corresponding reduced von Neumann algebra
of P. Note that the functional τp : Pp → C, τp(y) = 1τ(p)τ(y) ∀y ∈ Pp is
a normal faithful tracial state on Pp. The completion of P with respect
to the 2-norm ||x||2 = τ(x∗x) 12 ∀x ∈ P is a Hilbert space, denoted
L2(P, τ). If N ⊂ M is an inclusion of type II1-factors, then the Jones
index [M : N ] is, by definition ([Jo]), the dimension dimNL2(M, τ) of
the left N -module L2(M, τ). We mention that the dimension dimNH
of an arbitrary left N -module H was introduced by F. Murray and J.
von Neumann ([MvN]) as the coupling constant of H . While dimNH
assumes all possible values from [0,∞], the celebrated result of V. Jones
([Jo]) shows that necessarily [M : N ] ∈ {4 cos2 π
n
: n ≥ 2} ∪ [4,∞].
Many interesting von Neumann algebras arise from representations of
discrete groups. For example, let Γ be a discrete group and denote by
(δγ)γ∈Γ the standard orthonormal basis in l2(Γ). If λ : Γ → B(l2(Γ)),
λγ1δγ2 = δγ1γ2 ∀γ1, γ2 ∈ Γ denotes the left regular representation of Γ,
then the (left) group von Neumann algebra is L(Γ) = λ′′Γ. Moreover, it
is easily seen that L(Γ) is a type II1-factor if Γ is an ICC group (that
is, all nontrivial conjugacy classes of Γ are infinite). In particular,
the free group Fn on n generators (2 ≤ n ≤ ∞) is an ICC group
and thus one obtains the free group factors L(Fn) (2 ≤ n ≤ ∞). The
crossed product construction is yet another way to obtain von Neumann
algebras from a von Neumann algebra Q and a discrete group Γ acting
by ∗-automorphisms on Q (that is, there exists a group homomorphism
α : Γ→ Aut(Q)). Briefly, the crossed product algebra Q×αΓ is a kind
of maximal von Neumann algebra generated by (a copy of) Q and (a
copy of) Γ, subject to the commutation relations γxγ−1 = αγ(x) ∀γ ∈ Γ
∀x ∈ Q. The action α : Γ → Aut(Q) is called properly outer if each
automorphism αγ, γ ∈ Γ\{e}, is properly outer. An automorphism β ∈
Aut(Q) is properly outer if for any x ∈ Q, xy = β(y)x ∀y ∈ Q implies
x = 0. The action α is said to be ergodic if the fixed-point subalgebra
Qα = {x ∈ Q : αγ(x) = x ∀γ ∈ Γ} is trivial. It is well-known that
the crossed product Q×α Γ is a factor if the action α is properly outer
and if its restriction to the centre of Q is ergodic. If Q ⊂ P is an
inclusion of von Neumann algebras, then the normalizer NP(Q) of Q
in P is defined by NP(Q) = {u ∈ P : uu∗ = u∗u = 1, uQu∗ = Q}. The
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algebra Q is said to be regular in P if NP(Q)′′ = P. For example, Q
is always regular in Q×α Γ.
2.1. Correspondences. The notion of correspondence between two
von Neumann algebras (with separable preduals) P and A was intro-
duced by A. Connes ([Co2], [Co3], [Po2]). Thus, a correspondence
between P and A is a pair of mutually commuting normal unital ∗-
representations of P and Ao (the opposite algebra of A) on the same
(separable) infinite dimensional Hilbert space H . Two correspondences
PHA and PH ′A are equivalent if there exists a (P,A)-bilinear isometry
from H onto H ′. We denote by P̂HA the class of PHA under this
equivalence relation and by Corr(P,A) the set of all classes of corre-
spondences between P and A. Let P̂HA ∈ Corr(P,A), ǫ > 0, and
F ⊂ P, E ⊂ A, S = {ξ1, . . . , ξv} ⊂ H be finite subsets. Define
U
(
P̂HA, ǫ, F, E, S
)
=
{
P̂KA ∈ Corr(P,A) : ∃η1, . . . , ηv ∈ K(1)
|(bξka, ξl)− (bηka, ηl)| < ǫ ∀b ∈ F ∀a ∈ E ∀1 ≤ k, l ≤ v
}
.
Define also V
(
P̂HA, ǫ, F, E, S
)
as the set of all classes of correspon-
dences P̂KA ∈ Corr(P,A) with the property that there exists a surjec-
tive isometry u : H → K such that ||bu(ξl)a−u(bξla)|| < ǫ for all b ∈ F ,
a ∈ E, 1 ≤ l ≤ v. Then Corr(P,A) becomes a topological space with
the topology for which the sets U
(
P̂HA, ǫ, F, E, S
)
(or equivalently,
the sets V
(
P̂HA, ǫ, F, E, S
)
) form a basis of neighborhoods. One has
also a notion of weak subequivalence: if PLA and PL′A are two corre-
spondences between P and A, we say that PLA is weakly contained in
(or weakly subequivalent to) PL′A if P̂L
′
A ∈
{
P̂LA
}−
(we denoted by
V − the closure of V ⊂ Corr(P,A)).
We define next a refinement of the above equivalence relation, re-
stricted to subcorrespondences PHA of PL2(M, τ)A, where P∨A ⊂M.
Thus, we say that two subcorrespondences PHA, PH ′A of PL
2(M, τ)A
areM-equivalent if there exists a unitary v ∈ (P ∨A)′ ∩M such that
H = vH ′v∗. We denote by P˜HA the class of PHA under this equivalence
relation and by CorrM(P,A) the set of all classes P˜HA of subcorrespon-
dences PHA of PL2(M, τ)A. Denote further by VM
(
P˜HA, ǫ, F, E, S
)
the set of all classes P˜KA of subcorrespondences PKA of PL2(M, τ)A
with the property that there exists a unitary w ∈ M such that K =
wHw∗ and ||bwξlw∗a − wbξlaw∗|| < ǫ for all b ∈ F , a ∈ E, 1 ≤ l ≤ v.
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Then CorrM(P,A) becomes a topological space, endowed with the
topology for which the sets VM
(
P˜HA, ǫ, F, E, S
)
form a basis of neigh-
borhoods. By analogy with the definition of weak subequivalence, one
defines the M-weak subequivalence: if PLA and PL′A are two subcor-
respondences of PL2(M, τ)A, we say that PLA is M-weakly contained
in (or M-weakly subequivalent to) PL′A if P˜L′A ∈
{
P˜LA
}−
(where V −
denotes here the closure of V ⊂ CorrM(P,A)).
2.2. Free entropy. We recall but a few results from D. Voiculescu’s
free probability theory ([Vo1], [Vo2], [Vo3]). Let P be a finite von
Neumann algebra endowed with a normal faithful tracial state τ : P →
C. An element s ∈ P is called semicircular if s = s∗ and if it is
distributed according to Wigner’s semicircle law:
(2) τ(sk) =
2
π
∫ 1
−1
tk
√
1− t2dt ∀k ∈ N.
A family of (Pi)i∈I of unital ∗-subalgebras of P is called free if τ(x1 . . .
xm) = 0 whenever xk ∈ Pik , τ(xk) = 0, ∀1 ≤ k ≤ m, i1, . . . , im ∈ I,
i1 6= i2 6= . . . 6= im, m ∈ N. A family (Xi)i∈I of subsets Xi ⊂ P is
called free if the family (∗-alg({1} ∪Xi))i∈I is free. The family (si)i∈I
of elements si ∈ P is a semicircular system provided that ({si})i∈I is
a free family and if si is a semicircular element ∀i ∈ I. If c ≥ 1 is an
integer, we denote by Mc(C) and Msac (C) the set of all c× c complex
matrices and of all c × c complex self-adjoint matrices, respectively.
We further denote by U(c) the group of unitaries from Mc(C), by
τc the unique unital trace on Mc(C), and by || · ||e = √c|| · ||2 the
euclidian norm onMc(C). The free entropy of x1, . . . , xm ∈ Psa in the
presence of xm+1, . . . , xm+n ∈ Psa is defined in terms of sets of matricial
microstates ΓR((xi)1≤i≤m : (xm+j)1≤j≤n; a, c, ǫ) ⊂ (Msac (C))m. Thus,
for a, c ≥ 1 integers and R, ǫ > 0, one has the following sequence of
definitions:
ΓR ((xi)1≤i≤m : (xm+j)1≤j≤n; a, c, ǫ)(3)
= {(Ai)1≤i≤m ∈ (Msac (C))m : ∃ (Am+j)1≤j≤n ∈ (Msac (C))n s.t.
|τ (xi1 . . . xil)− τc(Ai1 . . . Ail)| < ǫ , ||Ak|| ≤ R
∀ 1 ≤ i1, . . . , il ≤ m+ n ∀1 ≤ l ≤ a ∀1 ≤ k ≤ m+ n} ,
χR((xi)1≤i≤m : (xm+j)1≤j≤n; a, c, ǫ)(4)
= log volmc2(ΓR((xi)1≤i≤m : (xm+j)1≤j≤n; a, c, ǫ)),
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χR ((xi)1≤i≤m : (xm+j)1≤j≤n; a, ǫ)(5)
= lim sup
c→∞
(
1
c2
χR ((xi)1≤i≤m : (xm+j)1≤j≤n; a, c, ǫ) +
m
2
log c
)
,
χR ((xi)1≤i≤m : (xm+j)1≤j≤n)(6)
= inf
a,ǫ
χR ((xi)1≤i≤m : (xm+j)1≤j≤n; a, ǫ) ,
χ ((xi)1≤i≤m : (xm+j)1≤j≤n)(7)
= sup
R
χR ((xi)1≤i≤m : (xm+j)1≤j≤n)
(volmc2(·) denotes the Lebesgue measure on (Msac (C))m ≃ Rmc2). The
last quantity χ((xi)1≤i≤m : (xm+j)1≤j≤n) is called the free entropy of
(xi)1≤i≤m in the presence of (xm+j)1≤j≤n. If n = 0, then it is simply
called the free entropy of (xi)1≤i≤m, denoted χ(x1, . . . , xm). The free
entropy of (xi)1≤i≤m in the presence of (xm+j)1≤j≤n is equal to the free
entropy of (xi)1≤i≤m if {xm+1, . . . , xm+n} ⊂ {x1, . . . , xm}′′. For a single
self-adjoint element x ∈ P with distribution µ one has
(8) χ(x) =
3
4
+
1
2
log 2π +
∫ ∫
log |s− t|dµ(s)dµ(t).
Also, if (xi)1≤i≤m is a free family, then χ(x1, . . . , xm) = χ(x1) + . . . +
χ(xm). In particular, a finite semicircular system has finite free entropy.
The modified free entropy dimension of (xi)1≤i≤m is defined as follows:
(9) δ0((xi)1≤i≤m) = m+ lim sup
ω→0
χ((xi + ωsi)1≤i≤m : (si)1≤i≤m)
| logω| ,
while its free entropy dimension is
(10) δ((xi)1≤i≤m) = m+ lim sup
ω→0
χ((xi + ωsi)1≤i≤m)
| logω| ,
where (xi)1≤i≤m and the semicircular system (si)1≤i≤m are free. Both
free entropy dimensions can be determined with the following formulae
if the family (xi)1≤i≤m is free:
(11) δ0((xi)1≤i≤m) = δ((xi)1≤i≤m) =
m∑
i=1
δ(xi),
(12) δ(x) = 1−
∑
s∈R
(µ({s}))2.
We mention in this context the important Semicontinuity Problem
([Vo3]): if xi is the SOT-limit of x
(p)
i ∈ P as p→∞ (for all 1 ≤ i ≤ m),
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does it follow then that lim infp→∞ δ0((x
(p)
i )1≤i≤m) ≥ δ0((xi)1≤i≤m)? An
affirmative answer to this question would imply ([Vo3]) the nonisomor-
phism of L(Fn) and L(Fm) for n 6= m.
3. Estimate of free entropy
Lemma 3.1 gives an estimate for the free entropy of an arbitrary
system of generators of M which can be ω-approximated in the 2-
norm by certain noncommutative polynomials. Typically, this situation
is encountered under the hypothesis of Theorem 4.1, where the ω-
approximations hold for all ω > 0.
Lemma 3.1. Let x1, . . . , xm be self-adjoint generators of a II1-factor
(M, τ). Assume that N is a subfactor ofM and P = P1∨P2 ⊂ N is a
von Neumann subalgebra, where P1 = R′1∩P, P2 = R′2∩P and R1, R2
are mutually commuting hyperfinite subfactors of P. Assume moreover
that there exist self-adjoint elements m
(e)
j , zk ∈ M (for 1 ≤ j ≤ r + 1,
1 ≤ e ≤ 2, 1 ≤ k ≤ 2v), mutually orthogonal projections pq ∈ M
(for 1 ≤ q ≤ u), projections (p(t))t ⊂ P1, (q(s))s ⊂ P2 of trace 12 , and
noncommutative polynomials Φ
(e)
ji ((p
(t))t, (q
(s))s, (zk)k, (pq)q) which are
linear combinations of monomials of the form p(t1)q(s1) . . . p(ta)q(sa)zkpq,
such that for some ω > 0 and for all 1 ≤ i ≤ m∣∣∣∣∣∣∣∣xi − 12
2∑
e=1
r+1∑
j=1
(
m
(e)
j Φ
(e)
ji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)
(13)
+Φ
(e)
ji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)∗
m
(e)
j
) ∣∣∣∣∣∣∣∣
2
< ω .
Then
χ ((xi)1≤i≤m) = χ
(
(xi)1≤i≤m :
(
m
(e)
j
)
j,e
, (p(t))t, (q
(s))s,(14)
(zk)k, (pq)q
)
≤ C(m, r, v,K) + (m− 2r − 2v − 4) logω .
where C(m, r, v,K) is a constant depending only on m, r, v, and K =
1 +maxi,j,e
{∣∣∣∣∣∣Φ(e)ji ((p(t))t, (q(s))s, (zk)k, (pq)q)∣∣∣∣∣∣
2
, ||xi||,
∣∣∣∣∣∣m(e)j ∣∣∣∣∣∣}.
Proof. Let c0 ≥ 1 be a fixed integer. Let M1 ⊂ R1 and M2 ⊂ R2
be two subalgebras isomorphic to Mc0(C) and let (egh)g,h, (fgh)g,h be
matrix units for M1 and M2 respectively. Consider a matricial mi-
crostate(
(Ai)i, (M
(e)
j )j,e, (P
(t))t, (Q
(s))s, (Zk)k, (Pq)q, (Egh)g,h, (Fgh)g,h
)
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from the set of matricial microstates
ΓR
(
(xi)i, (m
(e)
j )j,e, (p
(t))t, (q
(s))s, (zk)k, (pq)q, (egh)g,h, (fgh)g,h; a, c, ǫ
)
.
We can assume ([Vo3]) that ||Ai||, ||M (e)j || ≤ K. If a is large and ǫ > 0
is small enough, then ∀1 ≤ i ≤ m∣∣∣∣∣∣∣∣Ai − 12
2∑
e=1
r+1∑
j=1
(
M
(e)
j Φ
(e)
ji
(
(P (t))t, (Q
(s))s, (Zk)k, (Pq)q
)
(15)
+Φ
(e)
ji
(
(P (t))t, (Q
(s))s, (Zk)k, (Pq)q
)∗
M
(e)
j
) ∣∣∣∣∣∣∣∣
2
< ω
and
∣∣∣∣∣∣Φ(e)ji ((P (t))t, (Q(s))s, (Zk)k, (Pq)q)∣∣∣∣∣∣
2
≤ K for all i, j, e. For any
δ > 0 there exists an injective ∗-homomorphism αc : M1 ∨ M2 →
Mc(C) such that
||αc(egh)− Egh||2 < δ, ||αc(egh)−Egh||2 < δ ∀g, h
for large a ∈ N and small ǫ > 0, but independently of c. The conditional
expectation from M onto M′1 ∩M is given by
EM′1∩M(x) =
1
c0
c0∑
g,h=1
eghxehg = Ξ(x, (egh)g,h).
Denote P
(t)
0 = Ξ(P
(t), (αc(egh))g,h) ∈ αc(M1)′∩Mc(C). For any δ1 > 0
and any a1 ∈ N, since p(t) = EM′1∩M(p(t)) = Ξ(p(t), (egh)g,h), it follows
that ∣∣∣τc ((P (t)0 )l)− τ ((p(t))l)∣∣∣ < δ1∀1 ≤ l ≤ a1
if ǫ, δ > 0 are small and a ∈ N is large enough. Given δ2 > 0, if δ1 is suf-
ficiently small and a1 is sufficiently large, there exists ([Vo2]) a projec-
tion P
(t)
1 ∈ αc(M1)′∩Mc(C) of rank c2 , such that
∣∣∣∣∣∣P (t)1 − P (t)0 ∣∣∣∣∣∣
2
< δ2.
Note that∣∣∣∣∣∣P (t)0 − P (t)∣∣∣∣∣∣2
2
= τc
((
P (t) − Ξ(P (t), (αc(egh))g,h)
)2)
and also
τ
((
p(t) − Ξ(p(t), (egh)g,h)
)2)
= 0,
hence
∣∣∣∣∣∣P (t) − P (t)0 ∣∣∣∣∣∣
2
< δ2 and thus
∣∣∣∣∣∣P (t) − P (t)1 ∣∣∣∣∣∣
2
< 2δ2 if ǫ, δ are
small enough and a is sufficiently large. In this way we can find pro-
jections (P
(t)
1 )t ⊂ αc(M1)′ ∩Mc(C), (Q(s)1 )s ⊂ αc(M2)′ ∩Mc(C), of
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rank c
2
, such that
∣∣∣∣P (t)− P (t)1 ∣∣∣∣∣∣
2
< 2δ2 and
∣∣∣∣∣∣Q(s) −Q(s)1 ∣∣∣∣∣∣
2
< 2δ2 for
all t, s. If δ2 is small enough then we have moreover ∀1 ≤ i ≤ m
∣∣∣∣∣∣∣∣Ai − 12
2∑
e=1
r+1∑
j=1
(
M
(e)
j Φ
(e)
ji
(
(P
(t)
1 )t, (Q
(s)
1 )s, (Zk)k, (Pq)q
)
(16)
+Φ
(e)
ji
(
(P
(t)
1 )t, (Q
(s)
1 )s, (Zk)k, (Pq)q
)∗
M
(e)
j
) ∣∣∣∣∣∣∣∣
2
< ω.
Fix two copies G1(c) ⊂ αc(M1)′∩Mc(C) and G2(c) ⊂ αc(M2)′∩Mc(C)
of the Grassmann manifold G
(
c
c0
, c
2c0
)
and note that there exists a
unitary U ∈ U(c) such that UP (t)1 U∗ ∈ G1(c) and UQ(s)1 U∗ ∈ G2(c) for
all t, s. Lemma 4.3 in [Vo2] implies that given δ3 > 0, there exist a
′, c′ ∈
N, ǫ1 > 0 such that if c ≥ c′ and if (P1, . . . , Pu) ∈ ΓR((pq)q; a′, c, ǫ1),
then there exist mutually orthogonal projections P ′1, . . . , P
′
u ⊂Msac (C)
such that rank(P ′q) = [τ(pq)c] and
∣∣∣∣Pq − P ′q∣∣∣∣2 < δ3 ∀1 ≤ q ≤ u. Let
(Sq)q be fixed mutually orthogonal projections with rank(Sq) = [τ(pq)c]
∀1 ≤ q ≤ u and let W ∈ U(c) be a unitary such that P ′q = W ∗SqW
∀1 ≤ q ≤ u. If δ3 > 0 is sufficiently small, then one has
∣∣∣∣∣∣∣∣UAiW ∗ − 12
2∑
e=1
r+1∑
j=1
(
UM
(e)
j U
∗Φ(e)ji
(
(UP
(t)
1 U
∗)t, (UQ
(s)
1 U
∗)s,(17)
(UZkW
∗)k, (Sq)q
)
+ UW ∗Φ(e)ji
(
(UP
(t)
1 U
∗)t, (UQ
(s)
1 U
∗)s,
(UZkW
∗)k, (Sq)q
)∗
UM
(e)
j U
∗(UW ∗)
)∣∣∣∣∣∣∣∣
2
< ω ∀1 ≤ i ≤ m.
Consider a minimal θ-net (Vb)b∈B(c,K) in {B ∈Msac (C) : ||B|| ≤ K} and
a minimal ω
2K
-net (Ut)t∈T (c) in U(c) with respect to the uniform norm.
Let also (G
(1)
a )a∈A(c) and (G
(2)
a )a∈A(c) be two minimal η-nets (relative
to the euclidian norm induced from Mc(C)) in G1(c) and respectively,
G2(c). From [Sz] we have |T (c)| ≤ (2CKω )c
2
, |B(c,K)| ≤ (CK
θ
)c
2+c,
|A(c)| ≤ (C
√
c
η
)
c2
2c2
0 , where C is a universal constant. There exist indices
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t, s ∈ T (c), b(j, e) ∈ B(c,K), a(t), a(s) ∈ A(c) such that ∀1 ≤ i ≤ m
∣∣∣∣∣∣∣∣UtAiW ∗s − 12
2∑
e=1
r+1∑
j=1
(
Vb(j,e)Φ
(e)
ji
((
G
(1)
a(t)
)
t
,
(
G
(2)
a(s)
)
s
, (Tk)k,(18)
(Sq)q
)
+ UtW
∗
sΦ
(e)
ji
((
G
(1)
a(t)
)
t
,
(
G
(2)
a(s)
)
s
, (Tk)k, (Sq)q
)∗
·Vb(j,e)UtW ∗s
)∣∣∣∣∣∣∣∣
e
< ω
√
c+ ω
√
c +
1
2
· 2(r + 1) · [θK√c
+D(Φ)Kη
√
α+ β + 2 · ω
2K
K2
√
c+D(Φ)Kη
√
α + β
+K
(
θ
√
c+ 2K
ω
2K
√
c
)]
= 2 [K(r + 1) + 1]ω
√
c
+2θ(r + 1)K
√
c+ 2D(Φ)Kη(r + 1)
√
α+ β ,
where D(Φ) is a Lipschitz constant depending on the Φ’s, and α, β
are the number of P
(t)
1 ’s and Q
(s)
1 ’s. Choose θ =
ω
2K(r+1)
and η =
ω
√
c
2D(Φ)K(r+1)
√
α+β
, so that |B(c,K)| ≤
(
2CK2(r+1)
ω
)c2+c
and |A(c)| ≤(
2CD(Φ)K(r+1)
√
α+β
ω
) c2
2c20 . The volume of the set of matricial microstates
can be estimated as follows:
volmc2
(
ΓR
(
(xi)i :
(
m
(e)
j
)
j,e
, (p(t))t, (q
(s))s, (zk)k, (pq)q, (egh)g,h,(19)
(fgh)g,h; a, c, ǫ
)) ≤ (2CK
ω
)2c2
·
(
2CK2(r + 1)
ω
)2(r+1)(c2+c)
·
(
2CD(Φ)K(r + 1)
√
α + β
ω
) c2(α+β)
2c2
0 · voldc
(
0, (K + µ)
√
mc
)
· volmc2−dc
(
0, µ
√
mc
)
,
where µ = 2ω [K(r + 1) + 2] and dc denotes the dimension of the range
of the linear map that sends (Tk)k to(
1
2
2∑
e=1
r+1∑
j=1
(
U∗t Vb(j,e)Φ
(e)
ji
((
G
(1)
a(t)
)
t
,
(
G
(2)
a(s)
)
s
, (Tk)k, (Sq)q
)
Ws(20)
+W ∗sΦ
(e)
ji
((
G
(1)
a(t)
)
t
,
(
G
(2)
a(s)
)
s
, (Tk)k, (Sq)q
)∗
Vb(j,e)Ut
))
1≤i≤m
.
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Since (xi)1≤i≤m generates M, the last inequality implies the free en-
tropy estimate
χ ((xi)1≤i≤m) = χ
(
(xi)1≤i≤m :
(
m
(e)
j
)
j,e
, (p(t))t, (q
(s))s,(21)
(zk)k, (pq)q
)
= χ
(
(xi)1≤i≤m :
(
m
(e)
j
)
j,e
, (p(t))t, (q
(s))s,
(zk)k, (pq)q, (egh)g,h, (fgh)g,h
)
≤ C(m, r, v,K) + (m− 2r − 2v − 4) logω .

4. Applications
The main application of the free entropy estimate from the previous
section is Theorem 4.1: the (modified) free entropy dimension of any
set of generators ofM is ≤ 2r+2v+4 if the correspondence PL2(N , τ)A
isM-weakly contained in a finitely generated subcorrespondence PHA
of PL2(M, τ)A, where P ⊂ N is generated by the (diffuse) relative
commutants of two commuting copies of the hyperfinite II1-factor R,
A ⊂ N is an abelian subalgebra, v is the number of vectors which span
PHA, and r is the integer part of the Jones index [M : N ]. The results
concerning the free group subfactors (such as the absence of regular
non-prime subfactors) are listed in Theorem 4.2. We proceed with two
short Lemmas, 4.1 and 4.2, which will be used further in the proofs of
Theorems 4.1 and 4.2, respectively.
Lemma 4.1. Let PHA and PKA be subcorrespondences of PL2(M, τ)A
such that PHA is generated by v vectors and PKA is M-weakly con-
tained in PHA. Then ∀ǫ > 0 ∀λ1, . . . , λm ∈ K ∃ unitary u ∈ M
∃κ1, . . . , κv ∈ K, ∃ finite
{
b
(i)
j,l
}
i,j,l
⊂ P, ∃ finite
{
a
(i)
j,l
}
i,j,l
⊂ A such
that K = uKu∗ and∣∣∣∣∣∣∣∣u∗λiu−∑
j,l
b
(i)
j,lκla
(i)
j,l
∣∣∣∣∣∣∣∣ < ǫ ∀1 ≤ i ≤ m.
Proof. Note first that PKAM-weakly contained in PHA implies P˜KA ∈
VM
(
P˜HA, ǫ0, F, E, S
)
for all ǫ0 > 0 and all finite subsets F ⊂ P,
E ⊂ A, S ⊂ H . This shows in particular that there exists a unitary
w ∈ M such that K = wHw∗, hence λ1 = wη1w∗, . . . , λv = wηvw∗ for
some η1, . . . , ηv ∈ H . Since PHA is generated by v vectors, there exist
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ξ1, . . . , ξv ∈ H such that
PHA =P sp||·|| (Pξ1A+ . . .+ PξvA)A .
Therefore, given ǫ1 > 0, there exist finite subsets F =
{
b
(i)
j,l
}
i,j,l
⊂ P,
E =
{
a
(i)
j,l
}
i,j,l
⊂ A such that
∣∣∣∣∣∣∣∣ηi −∑
j,l
b
(i)
j,l ξla
(i)
j,l
∣∣∣∣∣∣∣∣ < ǫ1 ∀1 ≤ i ≤ m.
Given ǫ2 > 0, since P˜KA ∈ VM
(
P˜HA, ǫ2, F, E, {ξl}l
)
, there exists a
unitary v ∈M such that K = vHv∗ and
||bvξlv∗a− vbξlav∗|| < ǫ2 ∀b ∈ F ∀a ∈ E ∀1 ≤ l ≤ v.
Let κl = vξlv
∗ ∀1 ≤ l ≤ v and note that one has (∀1 ≤ i ≤ m) the
following estimate:∣∣∣∣∣∣∣∣vw∗λiwv∗ −∑
j,l
b
(i)
j,lκla
(i)
j,l
∣∣∣∣∣∣∣∣ = ∣∣∣∣∣∣∣∣ηi −∑
j,l
v∗b(i)j,lvξlv
∗a(i)j,lv
∣∣∣∣∣∣∣∣(22)
≤
∣∣∣∣∣∣∣∣ηi −∑
j,l
b
(i)
j,l ξla
(i)
j,l
∣∣∣∣∣∣∣∣+∑
j,l
∣∣∣∣∣∣∣∣b(i)j,l ξla(i)j,l − v∗b(i)j,lvξlv∗a(i)j,lv∣∣∣∣∣∣∣∣
< ǫ1 +
∑
j,l
∣∣∣∣∣∣∣∣vb(i)j,l ξla(i)j,lv∗ − b(i)j,lvξlv∗a(i)j,l ∣∣∣∣∣∣∣∣.
The last term in (22) is smaller than ǫ if ǫ1 and ǫ2 are sufficiently
small. 
Lemma 4.2. Let P be a von Neumann algebra with a matrix unit
(eij)1≤i,j≤k ⊂ P and let also A be an abelian algebra with a projection
q ∈ A. Assume that the correspondence PHA is finitely generated:
H = sp||·|| (Pξ1A+ . . .+ PξvA) for some ξ1, . . . , ξv ∈ H. Then the
correspondence Pp(pHq)Aq is also finitely generated:
pHq = sp||·||
(
k∑
i=1
v∑
l=1
PpξilAq
)
,
where p = e11 and ξil = e1iξlq ∀1 ≤ i ≤ k ∀1 ≤ l ≤ v.
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Proof.
pHq = sp||·||
(
v∑
l=1
pPξlAq
)
= sp||·||
(
k∑
i=1
v∑
l=1
pPeiiξlAq
)
(23)
= sp||·||
(
k∑
i=1
v∑
l=1
pPei1e1iξlqA
)
= sp||·||
(
k∑
i=1
v∑
l=1
PpξilAq
)
.

Theorem 4.1. Let (M, τ) be a II1-factor generated by the self-adjoint
elements x1, . . . , xm. Assume that N ⊂ M is a subfactor with the in-
teger part of the Jones index [M : N ] equal to r, A ⊂ N is an abelian
subalgebra, and P ⊂ N is a subalgebra such that P = P1 ∨ P2, where
P1 = R′1 ∩ P, P2 = R′2 ∩ P and R1,R2 ⊂ P are mutually commut-
ing hyperfinite subfactors. Assume moreover that P1, P2 are diffuse
von Neumann subalgebras and that the correspondence PL2(N , τ)A is
M-weakly contained in a subcorrespondence PHA of PL2(M, τ)A, gen-
erated by v vectors. Then
(24) δ0(x1, . . . , xm) ≤ 2r + 2v + 4 .
Proof. Note first that one has δ0(x1, . . . , xm) ≤ m ([Vo3]) and thus one
can assume m > 2r + 2v + 4. There exist ([PiPo]) m1, . . . , mr+1 ∈ M
such that
(25) x =
r+1∑
j=1
mjEN (m∗jx) ∀x ∈M,
where EN : M → N is the conditional expectation onto N . Use
Lemma 4.1 to conclude that for every ǫ > 0 there exist a unitary
u ∈ M, self-adjoint vectors η1, . . . , η2v ∈ L2(N , τ)sa and finite subsets{
b
(i,j)
p,k
}
i,j,p,k
⊂ P,
{
a
(i,j)
p,k
}
i,j,p,k
⊂ A such that
∣∣∣∣∣∣∣∣u∗EN (m∗jxi)u− 2v∑
k=1
l∑
p=1
b
(i,j)
p,k ηka
(i,j)
p,k
∣∣∣∣∣∣∣∣
2
< ǫ ∀1 ≤ i ≤ m ∀1 ≤ j ≤ r + 1.
Since uAu∗ is abelian, there exist projections p1, . . . , pu ∈ uAu∗ of
sum 1 such that every ua
(i,j)
p,k u
∗ is approximated sufficiently well in the
|| · ||-norm by linear combinations of these projections. Being diffuse,
both uP1u∗ and uP2u∗ are generated by their projections of trace 12 ,
hence each ub
(i,j)
p,k u
∗ is the SOT-limit of a sequence of noncommutative
polynomials Ψ
(i,j)
p,k
(
(p(t))t, (q
(s))s
)
in projections of trace 1
2
, (p(t))t ⊂
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uP1u∗, (q(s))s ⊂ uP2u∗. Moreover, uN sau∗ is dense in L2(uNu∗, τ)sa
hence there exist z1, . . . , z2v self-adjoint elements of uNu∗ such that
(26)
Λji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)
=
l∑
p=1
2v∑
k=1
u∑
q=1
Ψ
(i,j)
p,k
(
(p(t))t, (q
(s))s
)
zkpq
is sufficiently close to EN (m∗jxi) in the || · ||2-norm. Therefore each xi
can be approximated arbitrarily well in the || · ||2-norm by elements of
the form
(27)
r+1∑
j=1
mjΛji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)
.
Denote m
(1)
j =
mj+m∗j
2
, m
(2)
j =
mj−m∗j
2
√−1 , and
Φ
(1)
ji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)
= Λji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)
(28)
= −√−1Φ(2)ji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)
.
Hence for every ω > 0 there exist polynomials Φ
(e)
ji
(
(p(t))t, (q
(s))s, (zk)k,
(pq)q
)
that are linear combinations of monomials of the form p(t1)q(s1)
. . . p(ta)q(sa)zkpq such that∣∣∣∣∣∣∣∣ xi − 12
2∑
e=1
r+1∑
j=1
(
m
(e)
j Φ
(e)
ji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)
(29)
+ Φ
(e)
ji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)∗
m
(e)
j
) ∣∣∣∣∣∣∣∣
2
< ω ∀1 ≤ i ≤ m.
Also, one can assume that
(∣∣∣∣∣∣Φ(e)ji ((p(t))t, (q(s))s, (zk)k, (pq)q)∣∣∣∣∣∣
2
)
i,j,e
are
uniformly bounded by a constant D depending only on (||m∗jxi||)i,j.
Consider a semicircular system (si)1≤i≤m, free from (xi)1≤i≤m. Note
that since
(
m
(e)
j
)
j,e
, (p(t))t, (q
(s))s, (zk)k, (pq)q are all contained in
{xi + ωsi, si : 1 ≤ i ≤ m}′′, one has ([Vo3])
χ ((xi + ωsi)1≤i≤m : (si)1≤i≤m) = χ
(
(xi + ωsi)1≤i≤m : (si)1≤i≤m,(30) (
m
(e)
j
)
j,e
, (p(t))t, (q
(s))s, (zk)k, (pq)q
)
≤ χ
(
(xi + ωsi)1≤i≤m :(
m
(e)
j
)
j,e
, (p(t))t, (q
(s))s, (zk)k, (pq)q
)
∀1 ≤ i ≤ m.
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The inequalities (29) imply∣∣∣∣∣∣∣∣xi + ωsi − 12
2∑
e=1
r+1∑
j=1
(
m
(e)
j Φ
(e)
ji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)
(31)
+ Φ
(e)
ji
(
(p(t))t, (q
(s))s, (zk)k, (pq)q
)∗
m
(e)
j
) ∣∣∣∣∣∣∣∣
2
< 2ω ∀1 ≤ i ≤ m
hence, by (30) and the free entropy estimate (14) from Lemma 3.1,
χ ((xi + ωsi)1≤i≤m : (si)1≤i≤m) ≤ C(m, r, v,K)+(m−2r−2v−4) log 2ω .
The estimate for the (modified) free entropy dimension follows now
immediately:
δ0(x1, . . . , xm) = m+ lim sup
ω→0
χ ((xi + ωsi)1≤i≤m : (si)1≤i≤m)
| logω|(32)
≤ m+ lim sup
ω→0
C(m, r, v,K) + (m− 2r − 2v − 4) log 2ω
| logω|
= 2r + 2v + 4 .

Corollary 4.1. Let (M, τ) be a II1-factor generated by the self-adjoint
elements x1, . . . , xm. Assume that N ⊂ M is a subfactor with the
integer part of the Jones index [M : N ] equal to r, A ⊂ N is an abelian
subalgebra, and P ⊂ N is a subalgebra such that P = P1 ∨ P2, where
P1 = R′1 ∩ P, P2 = R′2 ∩ P and R1,R2 ⊂ P are mutually commuting
hyperfinite subfactors. Assume moreover that P1, P2 are diffuse von
Neumann subalgebras and that L2(N , τ) = sp||·||2(Pξ1A + . . .+ PξvA)
for some vectors ξ1, . . . , ξv ∈ L2(N , τ). Then
(33) δ0(x1, . . . , xm) ≤ 2r + 2v + 4 .
L. Ge and S. Popa proved ([GePo]) that if Q is a finite von Neumann
algebra with no atoms and with a faithful normal trace τ : Q → C
and if, moreover, α : Γ→ Aut(Q) is a trace-preserving properly outer
action of a countable discrete group Γ on Q, then there exist an abelian
subalgebra A ⊂ Q and ξ ∈ L2(Q ×α Γ, τ) such that L2(Q ×α Γ, τ) =
sp||·||2QξA. In the same vein, one has the following Lemma:
Lemma 4.3. Let Q = Q1 ∨ Q2 ≃ Q1 ⊗ Q2 be a non-prime subfactor
of a II1-factor N . If Q is regular in N , then there exist diffuse abelian
subalgebras A1 ⊂ Q1, A2 ⊂ Q2 and an abelian subalgebra A3 ⊂ Q′∩N
such that the correspondence PL2(N , τ)A is cyclic i.e., PL2(N , τ)A =
sp||·||2PξA for some ξ ∈ L2(N , τ), where P = Q ∨ (Q′ ∩ N ) and A =
A1 ∨A2 ∨ A3.
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Proof. Let Γ be a countable group of unitaries in NN (Q) such that
sp||·||2Γ = L2(N , τ). Note that P ≃ Q1 ⊗ Q2 ⊗ (Q′ ∩ N ), NN (Q) ⊂
NN (P) and P ′ ∩ N ⊂ P. Use §2 in [Po1] to conclude that there exist
maximal abelian subalgebras A1 ⊂ Q1, A2 ⊂ Q2, A3 ⊂ Q′∩N with the
property that for every finite subset W ⊂ spΓ (=linear span of Γ) and
every ǫ > 0 there exists a finite partition of the identity with projections
(pi)i∈I ⊂ A = A1 ∨ A2 ∨ A3 such that ||
∑
i∈I piwpi − EA(w)||2 < ǫ
∀w ∈ W , where EA : N → A is the conditional expectation onto A.
Pick a vector ξ ∈ L2(N , τ) such that (ξ, u) 6= 0 ∀u ∈ Γ. In fact, one
can assume that ξ = v ∈ U(N ) since the set of unitaries v ∈ U(N )
such that (v, u) = τ(vu∗) 6= 0 ∀u ∈ Γ is a Gδ-dense subset in U(N )
([GePo]). Let (wn)n≥1 ⊂ spΓ be an orthonormal basis of L2(N , τ) and
write ξ =
∑
n≥1 αnwn, ξm =
∑m
n≥1 αnwn, where αn = (ξ, wn) ∈ C
∀n ≥ 1. Given δ > 0, there exists m ≥ 1 such that ||ξ − ξm||2 < δ.
For u ∈ Γ and ǫ > 0 let (pi)i∈I be a finite partition of the identity with
projections from A such that ||∑i∈I upiu∗wnpi − uEA(u∗wn)||2 < ǫ
∀1 ≤ n ≤ m. Note that∣∣∣∣∣∣∣∣∑
i∈I
upiu
∗ξpi − uEA(u∗ξ)
∣∣∣∣∣∣∣∣
2
≤
∣∣∣∣∣∣∣∣∑
i∈I
upiu
∗(ξ − ξm)pi
∣∣∣∣∣∣∣∣
2
(34)
+
∣∣∣∣∣∣∣∣∑
i∈I
upiu
∗ξmpi − uEA(u∗ξm)
∣∣∣∣∣∣∣∣
2
+
∣∣∣∣∣∣∣∣uEA(u∗(ξ − ξm))∣∣∣∣∣∣∣∣
2
< δ +
m∑
n=1
|αn|ǫ+ δ,
hence u ∈ sp||·||2PξA since ǫ, δ > 0 can be chosen arbitrarily small,
upiu
∗ ∈ P, pi ∈ A ∀i ∈ I, A has no atoms, and τ(ξu∗) 6= 0. 
Theorem 4.2. Let N be a subfactor of finite index in the interpolated
free group factor M = L(Ft) (1 < t ≤ ∞) and let also r denote the
integer part of the index. The following statements are true:
i) N does not have regular non-prime subfactors;
ii) the correspondence PL2(N , τ)A is not finitely generated if A is an
abelian subalgebra of N and P = P1 ∨ P2 is a subalgebra of N such
that P1 = R′1 ∩ P and P2 = R′2 ∩ P are both diffuse, R1, R2 are
mutually commuting hyperfinite subfactors of P, and R1 ∩ A, R2 ∩ A
have projections of arbitrarily small trace;
iii) the correspondence PL2(N , τ)A is not M-weakly contained in any
finitely generated correspondence PHA if 2r + 2v + 4 < t ≤ ∞, A is
an abelian subalgebra of N and P = P1 ∨P2 is a subalgebra of N such
that P1 = R′1 ∩ P and P2 = R′2 ∩ P are both diffuse and R1, R2 are
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mutually commuting hyperfinite subfactors of P;
iv) N does not have regular diffuse hyperfinite ∗-subalgebras (DHSA).
Proof. i) Assume that N has a regular nonprime subfactor Q = Q1 ∨
Q2 ≃ Q1 ⊗ Q2 and denote P = Q ∨ (Q′ ∩ N ). By Lemma 4.3, there
exist diffuse abelian subalgebras A1 ⊂ Q1, A2 ⊂ Q2, an abelian subal-
gebra A3 ⊂ Q′ ∩ N , and a vector ξ ∈ L2(N , τ) such that L2(N , τ) =
sp||·||2PξA, where A = A1 ∨ A2 ∨ A3. We consider first the case
M = L(Ft) with 1 < t <∞. SinceA1 andA2 are diffuse, for any k ≥ 1,
there exist projections p1 ∈ A1, p2 ∈ A2 such that τ(p1) = τ(p2) = 1k .
Let (eij)1≤i,j≤k ⊂ Q1, (fls)1≤l,s≤k ⊂ Q2 be two matrix units such that
e11 = p1, f11 = p2 and denote p = p1p2. Use Lemma 4.2 to conclude
L2(Np, τp) = pL2(N , τ)p = sp||·||2
∑
1≤i,l≤k
PpξilAp ,
where ξil = e1if1lξp ∀1 ≤ i, l ≤ k. Let R1 ⊂ (Q2)p, R2 ⊂ (Q1)p be
hyperfinite subfactors and denote P1 = R′1 ∩ Pp and P2 = R′2 ∩ Pp.
If the integer part of [M : N ] is equal to r, then the integer part of
[Mp : Np] is also equal to r and the estimate of free entropy dimension
from Corollary 4.1 implies
(35) δ0(x1, . . . , xm) ≤ 2r + 2k2 + 4
for any system (x1, . . . , xm) of self-adjoint generators of Mp. On the
other hand, by the compression formula ([Dy1], [Ra˘]),
Mp ≃ L
(
F1+(t−1)τ(p)−2
)
= L (F1+(t−1)k4) .
Moreover ([Vo2], [Vo3]), L (F1+(t−1)k4) has a system of generators (x1,
. . . , xm) with δ0(x1, . . . , xm) = 1 + (t− 1)k4, hence the inequality (35)
implies 1 + (t− 1)k4 ≤ 2r + 2k2 + 4 which is of course impossible if k
is sufficiently large.
Let us consider now the case M = L(F∞), when ([Vo1]) M is gen-
erated by an infinite semicircular system (xi)i≥1. With the estimate
of free entropy (14) we conclude that there exist elements
(
m
(e)
j
)
j,e
,
(p(t))t, (q
(s))s, (zk)k, (pq)q (as stated in the proof of Theorem 4.1) such
that
χ
(
(xi)1≤i≤m :
(
m
(e)
j
)
j,e
, (p(t))t, (q
(s))s, (zk)k, (pq)q
)
< χ ((xi)1≤i≤m) .
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LetMn = {x1, . . . , xn}′′ and En :M→Mn be the conditional expec-
tation onto Mn. Since(
(xi)1≤i≤m,
(
En
(
m
(e)
j
))
j,e
,
(
En
(
p(t)
))
t
,
(
En
(
q(s)
))
s
,(36)
(En (zk))k , (En (pq))q
)
n≥1
converges in distribution as n→∞ to(
(xi)1≤i≤m,
(
m
(e)
j
)
j,e
, (p(t))t, (q
(s))s, (zk)k, (pq)q
)
there exists an integer n > m such that
χ
(
(xi)1≤i≤m :
(
En
(
m
(e)
j
))
j,e
,
(
En
(
p(t)
))
t
,
(
En
(
q(s)
))
s
,(37)
(En (zk))k , (En (pq))q
)
< χ ((xi)1≤i≤m) ,
hence
χ ((xi)1≤i≤n) = χ
(
(xi)1≤i≤n :
(
En
(
m
(e)
j
))
j,e
,
(
En
(
p(t)
))
t
,(38)
(
En
(
q(s)
))
s
, (En (zk))k , (En (pq))q
)
≤ χ
(
(xi)1≤i≤m :
(
En
(
m
(e)
j
))
j,e
,
(
En
(
p(t)
))
t
,
(
En
(
q(s)
))
s
, (En (zk))k , (En (pq))q
)
+χ (xm+1, . . . , xn) < χ (x1, . . . , xm) + χ (xm+1, . . . , xn) ,
contradiction.
ii) The statement is a direct consequence of the free entropy dimension
estimate from Corollary 4.1 if 2r+2v+4 < t <∞. If 1 < t ≤ 2r+2v+4,
first cut down by a projection p = p1p2 with p1 ∈ R1 ∩A, p2 ∈ R1 ∩A
of sufficiently small trace. Note that this increases δ0 as in the proof
of i) and use then Lemma 4.2 and the free entropy dimension estimate
from Corollary 4.1. The case t = ∞ can be treated as in the proof of
i).
iii) The case 2r + 2v + 4 < t < ∞ is consequence of the estimate of
free entropy dimension from Theorem 4.1. The case t =∞ can be also
treated as in the proof of i).
iv) Let Q ⊂ N be a regular DHSA of N . As in the proof of Lemma 4.3,
conclude that there exist a diffuse abelian subalgebra A1 ⊂ Q and an
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abelian subalgebra A3 ⊂ Q′∩N such that PL2(N , τ)A = sp||·||2PξA for
some ξ ∈ L2(N , τ), where P = Q∨ (Q′ ∩N ) and A = A1 ∨A3. Since
Q is a DHSA of N , this implies (with the notations from Theorem
4.1) that for any ǫ > 0 there exist mutually commuting hyperfinite
subfactors R1,R2 ⊂ N (depending on ǫ) such that
dist||·||2
(
EN (m∗jxi), spR1R2ξA
)
< ǫ ∀1 ≤ i ≤ m ∀1 ≤ j ≤ r + 1.
As in the proof of Theorem 4.1, one obtains the free entropy dimension
estimate δ0(x1, . . . , xm) ≤ 2r+6 and then iv) follows from this estimate
in a fashion similar to the proof of i). 
Corollary 4.2. The subfactors N of finite index in the interpolated free
group factors L(Ft) (1 < t ≤ ∞) are not crossed products of nonprime
subfactors or diffuse hyperfinite subalgebras by properly outer actions
of countable discrete groups.
Proof. Let Q ⊂ N be either a nonprime subfactor or a diffuse hyper-
finite subalgebra. Recall that if Γ is a countable discrete group and
if α : Γ → Aut(Q) is a properly outer action of Γ on Q such that
N ≃ Q×αΓ then Q is regular in N . Use then i) and iv) from Theorem
4.2. 
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